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Abstract
The effect of the particle shape on the bulk-stress-strain-relations for triax-
ial compression of granular media is investigated via the molecular dynamics
method. It is found that crucial properties exhibited by experimental granular
media cannot be reproduced by round particle simulations, but only by the
use of elongated particles.

1 Introduction

The paradigm of statistical physics is to e
obtain the description of macroscopic phe- 4 321 . i
nomena as statistical effects of the micro- 0] @ | T
scopic compounds. In solid state physics,
one is used to the fact that replacing on
kind of atoms in a solid alters the macro-
scopic properties of the solid, e.g. dop-
ing improves electric conductivity in semi-
conductors, adding chromium and man-
ganese increase the hardness of steel etc.
”Round” noble gas atoms have low evapo- 18 o!
ration temperatures, whereas solids made
from atoms with "rough” covalent bonds
exhibit high stability. In the granular com-
munity, most particle simulations are still Figure 1: Angle of repose for a heap from
performed using round particles, the "par- mono-disperse particles with different num-
ticle shape” as a material parameter is still bers of corners. After [1].

widely neglected. In this paper, we want to show how the macroscopic stability is affected
by the particle shape, and how the stability influences further properties of granular as-
semblies.
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2 Shape effects in granular research

In this section, give a brief overview about some established particle shape effects in
granular materials. ' '



2.1 Angle of repose

The angle of repose depends strongly on the
shape of the particles, both experimentally and
in simulations. Bricks with rectangular edges al-
low the easy building of vertical walls, nobody
would choose bowling-ball shaped particles to
obtain ”high” angles of repose. Realistic angles
of repose for granular materials are of the or-
der of 30°, whereas spherical glass beads show
critical angles of only about 20°. In Fig. 1, we
have shown the dependence of the angle of re-
pose for a heap from mono-disperse particles on
the number of corners for non-elongated parti-
cles, i.e. polygons were inscribed into circles.
Clearly, the angle of repose decreases with in-
creasing number of corners.

2.2 Force networks

In two dimensions, compression under small
strain for round particles leads to a force network
which is characterized by a pattern where the
large forces form a net with large meshes [2, 3|.
The size of these meshes has been proposed to
be the correlation length of granular media[4)].
Nevertheless, for larger strains, or for elongated
particles, such a mesh pattern is absent, and
the large forces are contracted to chains[2]. The
distribution also changes from a power-law like
distribution(3] for the large forces to an exponen-
tial distribution, the investigation is in progress
in connection with this article.

3 Triaxial Compression
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Figure 2: Schematic drawing for
the experimental setup of triaxial-
compression.
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Figure 3: Schematic drawing for
the computational setup of triaxial-
compression.

The standard test of granular materials to derive their stress-strain curve is the triaxial
compression, in which the compression along the z—axis occurs with constant velocity,
whereas the pressure along the z— and y—axis is held constant. Experimentally, the sides
of the granular medium are held by a rubber membrane, the constant pressure is realized
by the constant pressure of a water reservoir on the rubber membranes, see Fig. 2.

3.1 Stress-Strain relations for experimental granular materials

A characteristic of the stress-strain relations for granular media under triaxial compression
in contrast to e.g. uniaxial compression of metals is, that the stress curve has a clear
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Figure 4: Schematic drawing for the triaxial compression (left) and the stress-strain curve
for granular materials under triaxial compression (right), after [5]

maximum, where the material is in a plastic regime, for larger stresses the material enters
the failure regime where the stress necessary to deform the material is smaller than the
maximal yield stress, and the density-maximum,/ minimum of the volume is not reached
at the maximum stress, but before, due to Reynolds dilatancy, see Fig. 4.
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Figure 5: Initial, intermediate and final stage of a simulation run for triaxial compression
with polygonal particles. The increase in the pore space due to Reynolds dilatancy during
compression is clearly visible. One can see that the deformation of the sample volume is

inhomogeneous.

3.2 Setup of the simulation

In our two dimensional simulation, triaxial compression reduces of course to biaxial com-
pression, where the system is held under constant pressure along the x-axis and com-
pressed under constant velocity along the y-axis. Because the simulation of the rubber
membrane and the surrounding water would create an unnecessary overhead, we simulate
the boundary of the axis which is not the compression axis via friction-less hard walls
which are held by a non-linear spring which tries to keep the pressure constant, see Fig. 2.
The modulus of elasticity of the particles was 106 N/m, the normal damping was cho-
sen so that the two-particle collision was nearly “totally inelastic”. All simulations were
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performed with the same normal dissipation. The coefficient for the Coulomb friction
was chosen as 0.6 if not mentioned otherwise. The force models used for the ellipses are
described in[6], for the polygons in[7]. The external pressure was kept at 10* N/m. A
vertical stress of 15 - 10* translates therefore into 15 times the horizontal stress. The vol-
umes are given so that the volume at the beginning of the compression, when the upper
lid gets in contact with the granular filling (left picture in Fig.5), is normalized to 1.
The particles used were either ellipses or polygons inscribed into ellipses with a varying
number of corners. The proportion of the longer to the shorter half axis of the ellipses
will be in the following be denoted as “elongation”. In the following, all strains are linear
strains, the height of the volume is rescaled by the initial height.
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Figure 6: Stress-strain diagram for a sin- Figure 7: Density-strain diagram for the
gle run of mono-disperse round particles runs in Fig.6 for mono-disperse round
(full line), polydisperse round particles part?cles (full hne). , polydisperse _round
(dashed line) and polydisperse elongated particles (da.sl.xed line) a.nd polydisperse
particles (dotted line), scaled by the ex- elongated particles (dotted line), scaled by
ternal pressure. the density before compression.

4 Stress-Strain relations

4.1 Results for single runs

For the sake of clarity, we will compare curves made for single runs of mono-disperse
round particles, polydisperse round particles and polydisperse elongated particles. The
stress-strain and density-strain relations for granular materials differ crucially depending
on the shape of the particles. An aggregate of elongated particles with average elongation
1.8 can carry nearly twice as much stress as round polydisperse and mono-disperse par-
ticles, see Fig.6. Moreover, the stress-strain distribution for “usual” granular media has
a maximum, a criterion which is only fulfilled for elongated particles. For the density-
strain-distribution, it is surprising that the maximal density for elongated polydisperse
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Figure 8: Raw data for four runs of stress-strain-curves (left) and the same data realigned
along the slope (right) .

can be up to 5 % and for mono-disperse round particles up to 5 % higher than for polydis-
perse round particles. As can be seen in Fig. 6, if the compression of elonga.ted particles
is continued, the stresses rise again after the failure regime. :
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Figure 9: Stress-strain diagram for ellipses Figure 10: Stress-strain diagram for el-
of average elongation 1.8. lipses of average elongationl.1.

4.2 The misery of averaging noisy curves

Especially two dimensions, the simulations data suffer from strong fluctuations. Averages
of curves with relative maxima do not necessarily yield a curve with a maximum. Because
the maximum of the single curves is of different size at different locations, the averaging
may actually cancel out the maximum. To reduce this effect, we aligned the slope of the



stress-strain curves, see Fig.8. In all following stress-strain diagrams, the statistic error
bars of the 4 to 6 samples are indicated by +-signs in the graphs.

4.3 Elliptic particles

As for the single runs, the average maximal yield stress for ellipses (average elongation 1.8,
Fig.9) is nearly twice as large as for circles of the same size dispersion (Fig. 10). Compared
to aggregates of elongated particles, aggregates of round particles have nearly only half
the stability, as far as the yield stress is concerned, and also the relative maximum of the
shear stress was conspicuously absent. The minimum for the volume of the cell (maximum
of the density) is also markedly shallower for round than for elongated particles. One has
to conclude that round particles do not exhibit proper behavior of granular materials in
their stress-strain characteristics. We found that it was possible to manipulate the setup
of the compression in such a way that a maximum in the stresses appeared by fixing one
of the walls. Such a setup is definitely different from the true experimental setup.

Figure 11: “Elliptic-shaped” particles of elongation 1.8 with 7,14,32 and oo number of
corners

4.4 Roughness of the particles x 10° Elongation 1.8

Whereas the effect of the elongation turned
out to be considerable, the effect of the rough-
ness of the particles was not so crucial. Poly-
gons have a “rougher” appearance than el-
lipses, and polygons with fewer corners look
rougher than those with more corners. Fig. 12
shows the stress-strain diagram for polygons
with 7 corners for the same average length-
and size-distribution as for the ellipses in
Fig.9. The only difference in the stress-strain
relations of ellipses and polygons with 7 cor-
ners that the fluctuations are increased in the
case of polygons, within the fluctuations, the
position of the maximum and its numerical
value is the same. This is rather surpris-
ing, because intuitively, one associates higher
shear resistivity with rougher surfaces. It
should be noted, that our investigation of “roughness” does not compare truly different
surfaces, but particles with smooth surfaces, only a different number of corners. Using
polygons instead of ellipses does not alter the macroscopic stress-strain behavior, and for
truly modeling “micro-roughness”, using polygons with a few corners is not sufficient.
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Figure 12: Stress-strain diagram for as-

semblies of polygonal particles of average

elongation 1.8 and 7 corners.
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Figure 13: Stress-strain curve for parti-
cles with elongation 1.8 and vanishing
Coulomb-friction.
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Figure 14: Stress-strain curve for parti-
cles with elongation 1.8 and Coulomb-
friction coefficient 0.3.
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4.5 Friction effect

Ellipses with an elongation of 1.8 approximated by polygons with 32 corners with z2 = 0.0
(left) and u = 0.3 (right) show a definite deviation from the simulations with friction
coefficient with u = 0.6 in Fig. 12 and Fig. 9, though the size dispersion and the particle
elongation were the same. For the friction coefficient 4 = 0.3, for the given average
elongation of 1.8 the maximum in the shear stress which should be characteristic for
granular media is hardly visible, and the corresponding relative minimum in the volume is
only very weak. For the same size- and shape-distribution at vanishing friction coefficient
g = 0.0, neither stress-strain nor stress-volume curves resemble those for typical for
granular materials, and one has to conclude that simulations of granular materials at
vanishing Coulomb friction do not really offer insights into realistic granular materials.

In this context, it is appropriate to ask where the transition between granular materials
and liquids will occur if the size of the granular materials will be reduced, and at which
length-scale the granular medium will become a liquid. Current research in the field
of friction in nanotribology[8] shows that Coulomb friction exists on surfaces up to a
length-scale < 5nm. Therefore, a powder made of solid particles, where the atoms have a
fixed neighborhood relation can be expected to behave like a granular medium for a grain
size above 5nm, albeit a cohesive one. In contrast, those polymer molecules which have
not a fixed neighborhood relation show in nano-scale experiments no Coulomb friction
characteristics, and they will therefore also not form a granular material even if the size
of the molecules is considerably above 5nm.

4.6 Elongation effect for polygons

As in the case of ellipses, also for polygons the maximal shear stress is also decreased in
comparison to more elongated particles, be it ellipses or polygons. In Fig. 15, the particles
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Figure 15: Ellipses with elongation 1.44 diagram for mono-disperse polygons with
and 32 corners. 32 corners and an elongation of 1.8.

with an elongation 1.44 and 32 corners have a maximal shear stress which is between the
ellipses of elongation 1.8 in Fig. 9. and the circles of Fig. 10.

4.7 Dispersion effect for polygons

Usually, granular media are composed of &
polydisperse systems, and therefore up to
here we focused on the triaxial compression
of polydisperse particle aggregates. Fig.16
shows that aggregates of mono-disperse
particles do not behave much different from
those of polydisperse particles in Fig.9,
apart from increased fluctuations.

5 Pressure Distribution

under heapS Figure 17: Schematic pressure distribution
’ and construction histories for sand heaps for
5.1 Pressure dip and heap powder engineering (above) and civil engi-

history neering (below).

In a previous study, we found via simula-

tions that the pressure distribution under sand heaps depends on the history|[7], a result
that was later found experimentally[9]. For a ”wedge sequence”, the construction method
favored in powder technology, the pressure under heaps for non-spherical particles yield
pressure minima (a ”dip”), for a layered sequences, the construction history favored in
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civil engineering, the pressure distribution in the middle of the heap remains flat. Via com-
puter simulations, we could identify the reason for the "dip” as the density inhomogeneity
resulting from the filling via the point source[10]. Such a heap density is reproduced in
Fig. 18, with a density variation of about 5%. The density of a heap build in a layered
sequence is given in Fig.19. We could not find experimental density investigations for
sand heaps, but the density measurements for on silo fillings[11] indicate the same density
pattern for filling from a point source, and the density inhomogeneity was also found to
be up to about 5 %. In our preceding research we were astonished that groups using sim-
ulations of round particles were not able to reproduce our results, inhomogeneous density
and pressure dip, which we obtained for elongated particles. The reason to undertake
the present study was to clear up the relation between particle shape, stress-strain and
stress-density distribution.

5.2 Influence on the particle-shape on the pressure distributions

Experimentally, it has been found that heaps made from non-cohesive non-elongated par-
ticles show no (glass beads > 0.5mm diameter[12]) or only a vanishing (rape seed, [13], ar-
guably slightly elongated) pressure minimum even if they are piled up in a wedge sequence,
whereas small, cohesive glass beads (< 0.5mm diameter) and sand in the same experi-
ments showed a marked pressure minimum. The appearant violation of Bagnold-scaling,
where the pressure minimum depends on the size of the glass beads, can be resolved: by
reinterpreting cohesive non-elongated particles as elongated polydisperse particles, like
molecules made up from atoms. Our simulations showed that indeed the pressure min-
imum developed for non-elongated particles with increasing inter-particle cohesion[14].
The reason why polydisperse round particles showed no pressure dip can be understood if
the stress-strain and density-strain relations for elongated and non-elongated particles are
comparéd. If one accepts that the pressure minimum under a heap is due to the density
inhomogeneity, which allows the formation of an arch over the high-density cone in the
middle of the heap, then the variation in the bulk density of up to 5 % density difference
is a necessary criterion for the formation of a dip. In our triaxial compression simula-
tions, the density variation from the uncompressed sample up to the maximal density for
elongated particles is also up to 3-5 %. In contrast, for non-elongated particles, especially
in the absence of static friction, the density-strain curve allows no sufficient variation of
the density. Moreover, the stability of such heaps is smaller than that of heaps formed
from elongated particles, so that existing density inhomogeneities are much more easily
extinguished by macroscopic reordering during the pile-up process.

6 Conclusion:

A fundamental conlusion of our study is, that aggregates of elongated particles and par-
ticles with friction are much more stable than aggregates of round particles or particles
without friction. For particulate modeling in dense granular materials, the particle shape
has to be considered as fundamental parameter, like the friction coefficient. Only for real-
istic particle shapes and realistic coefficients of friction, the “true” stress-strain behavior
of granular materials can be recovered.



Figure 18: Density of a heap built from a point source. The high-density cone in the
middle leads to the arching which caused the pressure dip.

Figure 19: Density of a heap built from a layered sequence. Due to the homogeneous
density, the pressure on the base is constant under the apex.

The outcome of experiments with glass beads which do not resemble the irregular
and usually elongated shape of conventional granular materials can according to our
simulations be expected to show a different macroscopic behavior from that of “true”
granular materials even in the most fundamental mechanical property, the mechanical
strength. The value of studies of round particles for the understanding of realistic granular
materials is therefore problematic.

For the formation of a pressure dip under a heap, it is necessary to to maintain a density
variation within the heap. This, and a higher bulk shear strength can only be obtained
with elongated particles. A density variation of 5 % is must be considered significant for
Rayleigh dilatancy and the pressure dip under heaps. Density measurements for granular
materials piled e.g. in a layered sequence are not meaningful if the same material is piled
in a wedge sequence.

For elongated particles, the stress-strain curve is not monotonous, therefore it is not
possible to determine the stresses in granular aggregates from the corresponding densities.
For non-elongated particles, the stress-strain curve is monotonous up to the plastic regime,
but findings for granular aggregates made of non-elongated particles are not necessarily
applicable to aggregates made of elongated particles.

Relating granular particles and granular bulk properties, we have shown that bulk
properties of granular materials like the relative minimum of the stress-strain curve can
only be obtained for elongated particles.

Some single particle properties (shape, friction coefficient) which are unimportant for
dilute systems (”single-particle-problem”) become important in the dense regime, where
other properties which are important in the dilute regime, like normal dissipation, become
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unimportant, because no dynamic collisions occur.
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